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CLOSURE OF EQUATIONS OF TURBULENT FLOWS WITH TRANSVERSE SHEAR

A, P. Netyukhailo UDC 532.526.3

Dependences are suggested for calculating rates of diffusion transport of kinetic
turbulent energy and of scalar turbulence scale.

The description of turbulent effects by solving the exact Navier—Stokes equations en-
counters great difficulties at the present stage of development of fast computers., To solve
practical engineering problems it is sufficient to calculate the average parameters of tur-
bulent motion of a liquid and of heat and mass exchange. However, the equations of the aver-
aged turbulent motion are not closed.

In calculating turbulent flows with account of its "prehistory,'" we use the system of

equations:
aU; aU; 1 oP 0 oU;
il SRV § 8 Lo X — v U (1)
T P 0x; Yo ey + ax; ( 0x; <”’”J>)’
Yy, (2)
Bxi
OF OF d U, ou; 0
— 4 U, & :—r———[(uE’) P uN| —Cun Ly S iy O N
g o o, h +< P { iy, ) o, Ao, + o, o, (3)

in which the unknowns are the normal and tangential Reynolds stresses <ujui>, the rate of

diffusion transport of kinetic energy turbulence Dg =

PN d
. [ (uE" ) 4 o uy/} » and the

du; ou du- Ous \?2
rate of its dissipation Dp =% {[—— k PN~y [N =,
P n e \( 0x, + 0x; ) dxy 7~ N \dx, | 7 ¢

Analysis of the available closure models of Eq. (3) showed that approximating Dy by the
form

Dy — 0 (___v,,_ oE O
axk o axk

does not provide satisfactory agreement with experimental data [l, 2] (Fig. 1). This is ex-
plained by the fact that the available models do not take into account transport processes
under the action of pressure pulsations [3]. Approximating the quantity ¢ by the Rotta equa-
tions [4] for Reg » 1

VODGEO, Kharkov. Translated from Inzhenerno-~Fizicheskii Zhurnal, Vol. 41, No. 4, pp.
625-634, October, 1981, Original article submitted July 15, 1980.
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6 .
2) Dgp = -5-;’;<'!(;— uh> 3 3) Dy + DEp (1-3, experi-

' JOE
mental data of [11); 4) —a%— (_-VT ) .
3

Bxs

o—c, EVE (5)

is found in agreement with numerous experimental data [1-~4].

To approximate the correlation moment <uyE'>, we use the dynamic transport equation of
triple central singular-point correlation moments of velocity pulsations [5, 6]:

ou,
(ujy >+  wugity ) B Cuguy
. . :
; 0 ( uu,
gy DI gy )y Q8D (6)
. dx, Ox,
a<u]'u7'> 0 Ustillnld, >_lr__l__ /u.u- ap AN +/ujuh ap \;{_/uu ap AN =0
— Uty ) or +ax,<‘”” o \ N T/ TN o, < N\ )T
Using the Poisson solution [6]:
aul Oum oU;,  Oun ) av , @)
px)= 4 = i ox, 0x, | x—x'
we represent
1 op Ou; urln \
L uuj ) +
P \uiu] axh axk S\S\S [\ 0%, l d
‘ ’ 6u Ou' 0 (uuj)
oU, y Otm . _ ! m \+
+ ox., \ Ox; u,u,/ x—x' \ ox,, % oxy, 7~ ‘
+ GU'[ Y au,:,,' AN av_ (8)
ox,, \ 0Ox; ox, 7] x—x'

m
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Similar terms of Eq. (6) can be transformed by the same method. We approximate (8) in the
form
oU,

Dmij .
o is 9

dp imij i 1 1 if
7 N\ oy e [ Al IB; 1) ——— (lme
N e = o ( T ax,,, [ om

The tensors of expression (9) comsist of a set of combinations (permutations) of correlation
moments of velocity pulsations, unit symmetric and antisymmetric tensors. Below we provide
for them final expressions with account of properties of unit temsors [7]:

A~ A, Cuguun, Y A AE Qs ) (10)
Bl ~BV'E ut; ) 8im + BoE VE 8 81, (11)
Cril o~ GV'E ugujuy, ) , (12)
DE D Cupgtzug > O (13)
Keeping in mind that terms of Eq. (6) of type (uuu,) U do not provide an important
Xr

contribution to balance (6), and using the hypothesis of Millionshchikov [8]
o]y = Cugey y )y + ol > ] >+ ol ) C g
for the quasinormal probability distribution law, as well as relations (8), (9)-(13), we

solve Eq. (6) for the correlation moment <ujujuR>:

Cuuguy ) = —C, -]/Z—F- ( { Uplty )

Cuguj ) + S ujtty ) sy ) + (uty )

r . T T

sty ) )—

T/%E” [ 2 >)] (14)

The right-hand side of relationship (14) coincides with the approximation of Hanjalic and
Launder [6], and the second appears as a component in the Cormack multiparameter model [9].
Analysis of experimental data for flow in channels, boundary jets, free and boundary layers,
as performed by Cormack, shows that for a suitable choice of constant coefficients the mod-
els of Hanjalic, Launder, and Cormack provide a satisfactory approximation to the measured
values of <uiujuk> for any set of combinations of subscript values (i, j, k =1, 2, 3).

Multiplying the instantaneous pressure value P by Uy, using the Poisson solution, and
averaging the result, we obtain

_— o WUy U, |
PUk“PUk‘i‘<puk>—_4?'S‘5‘§[UkW axr;l-i-
v

L, /au,[ 6un'1 N4 auf ou,, N oU; v, Ou,zz 0x, Jdv (15)
Nox,  Odx; /  N\% 0x,  0x] / ox, N\ 0x;, 0x, /| x—x'
We approximate the pulsation part of expression (15) in the form
oU
) ~ UG LN
<o k) G - Fii g o 1 (16)
We provide the final expressions for the tensors appearing in (16):
Gl = GiE + G, 20 an
Fimt  F(E'uy s (18)
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N?}kr:N —E:: ( uzumuk). (19)

VE
Substituting (17)-(19) into (16), we obtain

ou {
L —— <ulumuk > . (20)

0xm VE

The scalar turbulence scale appears in expressions (5), (14), and (20). To determine
it we use the dynamic equation of dissipation rate transport of turbulent kinetic energy [5]:

(L wy = 0o [u (B 0 L2 |t + Cn

de oe d v 0 adp Oy
+U = ey Y) —2 — e LN
ot k oxy, 0xy (Cem2) ) ax; N ox,  dx, 7

(21)

— 9y BUZ V4 Gui auk + aul aul \ 9w J/ Gui all,i Ouk \—_2 /(V azui >2> -

axk N axl axl axi axk 7 \ axh axl 6)61 - N\ axhaxl

We assume that the rate of diffusion transport of the quantity € under the actionof velocity
pulsations depends on the average velocity shear and on the turbulence scale, i.e., ¢ is
transported by large-scale vortices with velocity

aU,

l, (22)
axh

Wk::Gs

and the diffusion flow € is proportional to Wge.

The term of Eq. (21), taking into account the rate of diffusion transport e under the
action of pressure and velocity pulsations e redistributed between components of velocity

pulsations oY i /d_E_fi_Lii\
o dx; ™ dxydxy”

Stokes equations for Reg > 1. Multiplying this term by Bﬁi/axz, differentiating the result
obtained with respect to xj, and then averaging, we obtain

, will be approximated on the basis of the transformed Navier—

9V a  , dp 0y \ A ou, Yoy ou,  du;
o Oy Nox ox 7 0%, N\ ox; Ox

2, s s
_l__.iLl_l_ /2 vu 6ul \+ a (Uk /2‘\7 6ul au, \)+

N
/+

6xi0xk N\ * Ox, 7 axi N\ axk axl 7
+ OU, /2'\’ Guk aul N + aU, /2 Viz ﬂ—\ .

ax, N axi ka 4 Bxl N\ 6xi6xh /s T
ou ou ou ou; 0%u
2w : L LN 2wy — LN (23)
+ AN axl axi axk - + AN B axl axiaxk 7

In analyzing Eq. (23) we start from the condition that the turbulent structure of small
scales is isotropic, since for the overwhelming majority of real nonisotropic turbulent flows
the microstructure is isotropic (local isotropy). In this case the following condition can
be adopted [7]:

du; du o
J i k AN ——— {(uu
\(5M )A(OMn)B/ 08, 0Em ¢ k>Aﬁ_
or ' ' '
du;  du e 1 1 21 (r)
oom BN [ ® >] — (2 (2 St — —— Oimht — —— Ourim | ——t-, (24)
N\ ox, O0km 7/ [ 08,0k ¢ - r=0 2 2 or?
Here = (x)s—(x)a , and f(r) is the mutual correlation coefficient between velocity

pulsations at points A and B, being an even function of r. 1Its Taylor series expansion is
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Fig. 2. Turbulence scale distribution
over the channel width [10]: 1) by Eq.
(42) [10]; 2) by relation (41).

r2 2f re 04f
_ _ = + ... 25
fO) =1+~ [ - LU S [ o (25)
By comparing the dependences
Ou; Ou;
2v Pt S i 2 \:g (26)
Nox, 0% 7
and
s 2
/aul auk \2__2<u2> ai (27)
N oy ox; / ’ or? =g
it follows by account of (24) that
ou; du
2v el B i 2 \~36 . 28
\ le axi s * ( )

Dependence (28) makes it possible to estimate the terms of Eq. (23):

BUZ /2'\7 0uk a{li \ ~ aUl Salh — GUZ g, (29)
dx, N ox; ox, 7 dxy, 0%,
a ou; Oy )
— U, 72w L LN~ U,¢), (30)
6)6,- ( g AN axk axl 7/ 5’xk ( " )
an /ZV auk 6ul A aU, e (31)

R ox; o, 7 Ox

azul
—_— 2
axiaxk AN 0xl

From the subscripts of the tensor

\
A4

we infer its values by the con-

. U.
ditions Uy > U, , 0Us , s :

Oxg dx, 0x3 0%y

U, ou; o*U < u dusg \?
I oy, PN LT Sy (~—3— : (32)
axiﬁxk N * ax, e ax% 6”3 axi
05
By dimensionality analysis of (32), we assume that there exist sizes of pulsations of linear
vortex sizes, such that the fcllowing condition is satisfied

’ Us

Oug/0x, (33)

. . ouy \?
For isotropic turbulence we take w <( 3 2 )>~8- Then, assuming that the correlation
\ 0X%
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Fig, 3. Dy distribution over the mixing
bed thickness [l]: 1) experimental data
[1); 2) by relatiomns (40), (5).

/au 2
coefficient between .<(——£—) >, and 1' is a constant quantity, we rewrite (32) with

oxy
account of (5)

U EYY

‘_0_2_(1[___/2’\7” a

=~ CaC
Oxiaxk N\ e

(34)

Similar transformations are carried out over other terms of Eq. (23), using the well-
known Kolmogorov hypothesis:

v, = C.VEL,
au, , u, oU, oE? | U, \2
Fr -2y T /_ce,cg e om + CLa1C,y ( o ) E. (35)

Based on this analysis of Eqs. (24)-(28), we reach the conclusion that

an V2 aui auk + aul aul \~ OU,

Spme =0, (36)
axk \ axl axl axi axh 7/ axh 4

2v

oU;
since the relation Eri-==0 is valid for an incompressible liquid.
X

For approximating the remaining terms of Eq. (21), we use the analysis of [6]

Ou; Ou;  Ouy O%u; 2\\ g2
2 / : Nt2 /7 (v —t o~ Cop —— o (37
Y N oy, 0x; Oy 4 + N Ox0%;, | 7 * E )
In analogy with (37), we write
ou; Oy -au ou; %u b
= k IN Loy (yp —2 ——L N\ F . 38
2v N ax, axi 6xh 7 + \\ & axl axiax,k / ¢ E ( )

Here Fy can be a constant quantity or a function of the turbulence parameters. This prob-
lem will be investigated in what follows.

Based on the analysis of balance contributions of separate terms of Eq. (3) [1, 2], one
can draw the conclusion that diffusicn transport of turbulent energy under the action of
pressure pulsations compensates to a large degree convective transport. We assume that the
same compensation also occurs in transport of the quantity e. With account of this assump-
tion and approximatioms (29)-(32), (34)-(38) we solve Eq. (21) for the turbulence scale:

— U, \2 ' U, oE** a oU 172
l=EV(F,—Cgu)C, [l¢ 'YV E ! 32 _OYy
V( e Cu) 2/{Celc.¢ ( % ) + Ce [ ax3 6X3 +G ax3 (E axs )J}
(39)

The following dependence was obtained for boundary and free layers as a result of nu-
merical optimization of coefficients

Uy a2
ox2 E
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Fig. 4. Distributions of Dgy and Dgp

over the mixing bed thickness [1]: 1)

Dy from experimental data [1]: 2) Dgy

by relation (43); 3) Dgp from experiment-
al data [1]; 4) Dgy + Dpp from experiment-
al data [1]; 5) by Dpy + Dep (43) and (44).

U= 135E /[0.65(-90—1)2+E

X3

| 9E*?  aU,
0x3 0x;

3/2 02Ui
ox}

]1/2. (40)

The following formula is assumed in calculating turbulent characteristics in the channels

/I' E | an >2
S ST FHEA S

Equations (40), (41) provide close results for flows in channels in the range xs/(D/2) =0-0.5
[10]. VFigure 2 shows the distribution of the turbulence scale, calculated by Eq. (41) and

U, | 0E*? QU
g3/ — 2L l ) 1
0xj t+ Oxg 0

J1/2_ 1)

c©

l:‘g‘ R“(xi, Xa s X3+f)dr. (42)

0

The adequacy of Eq. (40) for free boundary layers is indicated by comparing the profiles

¢ = g(n) calculated by using Eq. (5) with the measured ones (Fig. 3). Significant devia-
tions occur only in the outer boundary region, where significant errors are possible in de-
termining derivatives with respect to velocity and energy. The calculated values of turbu-~
lence scales for flow in channels, boundary and free layers are in satisfactory agreement

’

. . X . d
with measurements [11]. Using relations (14) and (20), and assuming that —<u’>~
v dxg dxs
we write in approximate form expressions for the rates of diffusion transport under the ac~
tion of velocity and pressure pulsations in two-dimensional turbulent flows with transverse
shear:

3 by o 0 = [ {45 JE -
o= () g [ VB (o) 2. @9
3 0 _ (ud
D — Zu PN A % S oE
o= (Co 2D) =5 [’ LER +0035) 22 J*' G
—«0.5{00 [WLE (1 + F(R)] + —2 [UsE(1+f(R))]}-
X4 dxs_

Here [(R)=0405(140.4 R?), R=IE-'20U,/dxs.

The proof of adequacy of models (43) and (44) was carried out for planar jets and mix-
ing layers [1, 2], for which it is characteristic that the Dgp distributions over the thick-
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ness of a layer with shear differ substantially from each other in magnitude and sign. The
coefficient values of models (43), (44), obtained as a result of numerical optimization, pro-

vide satisfactory coincidence of Dg, + DEp values, measured [1, 2] and calculated by Eqs.
(43) and (44) (Fig. 4).

Thus, as a result of the studies performed, a model equation was developed for describ-
ing E transport, each of whose terms separately agrees satisfactori}y with its measured val-~
uves [1, 21.

NOTATION

xi, axes of the Cartesian coordinates (xj, longitudinal direction; x., corresponds to

. dUs . . .
the condition Ta%-=0; Xs, transverse direction); Uj, averaged velocity components; uj, ve-
: .
locity pulsation: components; p, pressure pulsation; Uj, P, instantaneous values of velocity
and pressure; E, kinetic averaged turbulence energy; e, kinetic turbulence energy dissipa-
tion rate; E', &', turbulence energy and turbulence velocity pulsations; Oijs€ijks single

symmetric and antisymmetric tensors; vy, turbulent viscosity coefficient; v, klnematlc mo-

lecular viscosity coefficient; p, density; V, volume; I, turbulence scale; A%Zil, sixth rank

tensor; x, x', radii-vectors for the position in space of two points at a distance of r apart;
Ri1(X1, X2, X3 + 1), coefficient of intercorrelation of longitudinal velocity pulsations; n,
dimensionless transverse coordinate; P, averaged pressure,
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